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ELASTOHY ORCDY W I C  LUBRICATION THEORY* 

This chapter is devoted to the method used by the authors 

to solve the elastohydrodynamic lubrication problem for elliptical 

contacts (Hamrock and Dowson, 1976a). 

cussed earlier in some detail and the relevant effects exzmined 

separately, so it remains only to seek a solution that reconciles 

the hydrodynamic and elastic equations. The problem is to calculate 

the pressure distribution in the contact and at the same time to 

allow for the effects that this pressure will have on the properties 

cjf the fluid and on the geometry of the elastic solids. 

will also provide the shape of the lubricant film, particularly the 

minimum clearance between the solids. Thermal effects are, however, 

neglected. The variation of lubricant viscosity with temperature and 

the thermal expansion of the lubricant and the solids are n o t  

The problem has been dis- 

The solution 

considered. 

7.1 Reynolds Equation 

The 

drodynam 

coordinate system to be 

c problem is shown in F 

used in defining the elastohy- 

gure 7.1. The appropriate 

*Published as Chapter 7 in Ball Bearing Lubrication by 
Bernard 3. Hamrock and Ouncan Dowson, John Wiley & Sans, Inc., 
Sept. 1981. 



ReyncjldS equation for t h e  coordinate system (<,>) cirn be written 

f r o m  equat ion ( 3 . 4 3 )  as 

(5.43) 

where 

entraining velocity i n  tne ii direction. Letting 

u = ( u a  + u,)/2 i s  w e  mean surface veiocity or the 

(7.1) 

we c U ~ i  brit2 eqbation (5.43) a, 

k w e  ti = un / i ' 2  i s  a dimensionless speea parmeter ana O n  
I( = 1 -02  ( I?  / R  , \'-6c i s  an e l l i p t i c i ty  ptirariieter. 

Y X  

EquaiiOr. i 7 . 2 ,  i s  6 nonnomogeneobs partia;  Giffersntiai 

eqliation ?f i  two variaoies. T h i s  1 s  gerieraiij a a i f f i c t i i t  eqba- 

t io f i  t o  solve,  a r d  tne cegree of complexity aepenas on the  form 

of  trle parametric function: P ,  q, ana h ana on tne bour:cary 

conaitons. ir, eia>t,,nycroaynarr,ic i d r i ca t ion  tne  parawters are  

o f  i:!e zast a i f f i r l ; l t  fora. Tnerciore e q u a t ; o f i  (7 .2 )  ;s  s a i ~ e a  

by agprcAimate nurnerica: methoGS. Before proceea; ng, nowever, 

i t  :s  neces5ary t o  k r i  te expressior,s f o r  t : ie  a:;,,rnsior,iess i- ia 

- -  
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thickness H, the dimensionless Gensity p, and the d3rension- 

less v iscos i ty  q. 
The influence o f  pressure on the densi ty of f l u ios  has been 

discussed in Section 5.5. From t h i s  sect ion the dimensionless 

densi ty c a n  >e wr i t t en  as 

- AZPE * 
o = l +  

1 + B ~ P E ’  (5.57) 

where A2 and Bs are constants tha t  depend on14 on the 

f lLt id considerec. 

The :aiscosity o f  f l u i d s  h s been discussed in Section 5.4, 

wnere a t ten t : - .  :;as d r a m  t o  the work o f  Roerands (1Y6t j .  For 

isothermal condi t ions tne dimeinsionless v iscos i ty  o f  the f l u i d  

car! oe wr i t t en  from Section 5.4 as 

(5.52) 

where 

nee = tj.3;~:0-~ N slrn‘ ‘i (9.15xlO-’ I b f  s / i n  2 ) 

c = i.96~10~ R / m L  (1’8 440 i b f / i n  2 ) 

q0 = v iscos i ty  o f  lubr icant  a t  atmospheric pressure 

Z, = viscosity-pressure index, a dimensionless constant 

T97ese c iner ls ions  stwsld zlsc  oe ased t o  d e f j c e  tne constants ;n 

ec . ia t i3n  3 . 5 2 ) .  

* 
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7.2 F i l m  Shape 

The f i l m  thickness can be written simply as 

where 

ho = constant 

s ( i , i )  = separation due t c  seometry of undeformea ellipsoidal- 

sol i a s  

6(x,y) = e las t ic  deformation 
- - -  

The separation due to  the geometry of the twc unaefornied 

ellipsoidal solias shown i n  Figuri? 2.18 can be descrioed by an 

equivalent eliip5oiaal solid near a plane. 

quirement i s  t n a t  tne separation of  the two ellipsoiddl solids 

i n  tne in i t i a l  and equivalent situations snould  be the same a t  

equal values of and y. Tnerefore from Figure 7.1 tne sep- 

aration aue t o  the undeformed geometry of the two ellipsoids can 

De written a s  

The geometrical re- 

where 

m = constant used t c  determine length o f  irblet region 

i = constant usea t o  determine w i d t n  o f  siae-ieaicage reqior, 

- 
- 

4 



For i l l u s t r a t i o n  the mesh described i n  Figure 7.1 i s  used, 

where 5 = 4 and a 2. However, the equations developed are 

wr i t t en  i n  genet-dl form. 

Figure 7.2 i l l u s t r a t e s  the f i l m  thickness and i t s  conipo- 

nents f a r  an e l l i o s o i d a l  s o l i d  near a plane. 

equation (7.4) i n t o  equation ( 7 . 3 )  whi l e  using equation (7.1) t o  

Subst i tu t ing 

make t h i s  equation dimensionless gives 

2 - 2  b (X - m) a2(Y - a>2 + i (X ,Y )  
H - H o +  + (7.5) 

2 R 2  2RxRy Rx 

where Ho i s  a constant t h a t  i s  i n i t i a l l y  estimated. 

The way i n  which the e l a s t i c  deformation of an equivalent 

e l l i p s o i d a l  s o l i d  near a plane can be calculated has been out- 

l i ned  in Section 5.7. 

o f  Section 5.7 the e l a s t i c  deformation can be w r i t t e n  as 

Therefore f r o m  Figure 7.1 and the resu l ts  

e- 

2RXc (&-) X;l 

(7.6) 
.., 
6a,~(X,Y) = a p i ,  jDI*,J* - 

j=1,2, ... 1=1,2, ... 
where 
- 
c = number o f  d i v i s ions  i n  semirnajor ax i s  

n = constant used t o  determine length o f  o u t l e t  region 

d = number o f  d i v i s ions  i n  semiminor ax is  

- 
- 
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,... .. - 

I* = la - il + 1 

16 - jI + 1 j* 

Equation (7.8) and Figure 7.1 clarify the meaning of equa- 

tion (7.6). 

tangular area 2 

The elastic deformation at the center o f  the rec- 

(Figure 7.1) caused by the pressure on tne 995 
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various rectangular areas i n  and around the contact e l l i p s e  can 

be w r i t t e n  as 

- - 
'l,lD9,5 + '2,1D8,5 + * * *  + '35, lD27. 5 

c 2 *,;9,4 + '2,P8,L + * * ,  + '35, 2D27,4 - 
69,s =; 

- - - 
+ '35,20D27, 16 '1,20D9,16 '2,20D8,16 + - * .  

7.3 Phi (#*) Solut ion 

Having defined the density, v iscosi ty,  and f i l m  thickness, 

we can return t o  the problem o f  solving f o r  the pressure i n  tle 

Reynolds equation. I t i s  we l l  Known (e.g., Whomes, 1966) tha t  

the dimensionless pressure P o f  the Reynolds equation p lo t ted  

as a funct ion o f  x exh ib i ts  a very loca l ized pressure f i e l d  

wi th  high values o f  aP/aY. and a2P/aX2. Such a condi t ion 

w i t h  high gradients i s  not welcomed when performing numerical 

analysis by re laxat ion methods. Therefore, t o  produce a much 

gent ler  curve, a parameter #* i s  introduced where 

3/2 O* = PI1 (7.4j 
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.ORIGINAL PAGE IS 
OF POOR QUALlW 

The pressure P i s  small a t  large values o f  f i l m  thickness H 

and large when the f i l m  thickness i s  small. This subst i tu t ion 

a lso has the advantage t h a t  i t  el iminates a l l  terms containing 

der ivat ives o f  the products o f  H and P or  H and @*. 
Therefore from equation (7.9) ana expansion o f  terms w i t h i n  

equation (7.2) tne Reynolds equation becomes 

( 7.10) 1 a e p 2  3 12Ub 3 b H )  +--(- k2 ay s aJ) = - R~ ax 

Relaxation methods are usual ly used t o  solve equation 

(7.10) numerically. 

t o  replace the d i f f e r e n t i a l s  i n  equation (7.10) by f i n i t e  d i f -  

ference approximations. The area t o  be considered i s  shown i n  

Figure 7.1. The re laxat ion method r e l i e s  on the f a c t  tha t  a 

funct ion can be represented w i th  s u f f i c i e n t  accuracy over a 

small range by a quadratic expression. 

f i n i t e  central-di f ference representation equation (7.10) can be 

rewr i t ten as 

I n  the re laxat ion process the f i r s t  step i s  

With t h i s  stanaara 

A* Q* + B* @* * Q* + D* @* 
+ ci , j  i-l,j i , j  i , j + L  i , j  i+l,j i , j  i 4 - 1  

( 7.11) 

H 
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Central d i f ferences are used i n  obtaining equation (7.11) be- 

cause they produce be t te r  estimates than forward o r  backward 

differences. Central dif ferences tend t o  average; forward and 

backward di f ferences tend t o  "overshoot" and Nundershoottl the 

value o f  the function. Mcre d e t a i l s  o f  the der ivat ion of  equa- 

t i o n  (7.11) are given i n  Hamrock (1976). 
b 

An example o f  a nodal structure that  can be used i n  evalua- 

t i n g  the pressure d i s t r i b u t i o n  i n  dn elastohydrodynamic e l  l i p t i -  

c a l  contact i s  shown i n  Figure 7.3. A nodal structure i s  con- 

sidered t o  be su i tab le when the minimum f i l m  thickness w i t h i n  

the conjunction aoes not change mater ia l l y  e i t h e r  when addition- 

a l  nodes are placed i n  the semimajor and semiminor axes or  when 

the distances from tne center o f  the contact t o  the edges of  the 

computing zone are extended. Note t h a t  because o f  the dimen- 

s ional izat ion o f  and the Hertzian contact area i s  repre- 

sented by a c i r c l e  o f  radius u n i t y  regardless o f  the e l l i p t i c i t y  

parameter . 
From Figure 7.3 the features of t n i s  nodal structure are 

- - m = 4, ii 0 1.15, a 1-61 
(7.12) 

Tnese values are use0 t o  d e f i n e  tne nodal 3tructure f o r  nibst (rf 

the resu l ts  presented i n  Chapters 8 and 9. The only except im 

i s  fo r  a number o f  high-speed cases when the constant used t o  
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determine the i n l e t  distance I? has t o  be extended from 4 t o  6, 

with the other values being held constant. 

7.4 Boundary and I n i t i a l  Conditions 

The fo l lowing boundary condit ions have been adopted: 

(1) A t  the edges o f  the rectangular zone o f  computation 

(Figure 7.3) the pressure i s  zero. This impl ies t h a t  cb* i s  

a lso zero. Spec i f i ca l l y  t h i s  means t h a t  along the bottom o f  

Figure 7.3 @i,l P 0, along the l e f t  s ide 0 

top 

* * 
0, along the 

1 ,J * * 
= 0, and along the r i g h t  s ide @c7,j = 0 .  

(2)  A t  the c a v i t a t i o n  boundary 

This condition, commonly known as the Reynolas condition, i s  

sat is f ied by simply rese t t ing  @ *  t o  zero whenever i t  occurs 

as a negative value. 
' , J  

The pressure outside the Hertzian contact area i s  i n i t i a l l y  

assumed t o  be zero, and therefore @* 
That is,  @* 0 when 

i s  also equal t o  zero. 

The pressure inside the Hertz ian contact area i s  i n i t i a l l y  as- 

sumed t o  be Hertzian. Therefore from equation (3.5) the i n i t i a l  

value o f  @*  inside the contact area i s  

11 



1/2  
#" I - - (X - zip - (Y - TI23 2nabE' ( 7.13) 

where 

2 - 2  
(X - ii;) + (Y - a )  c 1 

7.5 Relaxation Nethod 

Equation (7.11) represents a system o f  simultaneous 

equations. There will be as many unknown values o f  o* as 

there are nodal points and equations. 

can thus be solved by the Gauss-Seidel Sterative method. In 

calculating each nodal value o f  9* this method uses the most 

recently calculated values at tile surrounding nodes involved in 

the application of the finite difference equation (7.11). That 

is, nodal values calculated @n that cycle are used if avail- 

able. 

nodes i n  the structure. The concept of the Gauss-Seidel dp- 

proach is that the best information available should be used 

instead o f  waiting until the next cycle. If subscript n is 

the iterant and @* is the particular solution to be found, 

the relaxation formula can be expressed as 

This system o f  equations 

A cycle is one complete set of calculations for all the 

,j 

1 2  
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f 

(1.14) 

where A i s  d r e l a x a t i o n  fac tor .  
C 

Therefore equation ( 7 . 1 4 )  IS used, s t a r t i n g  w i t h  node ( 2 - 2 )  

and then continuing wi th  (3,2), . . ., (#,2) follcwed 9,v (2,3), 

( 3 - 3 ) .  . . .* (M.3) m u  ending with (2.K). (J,K), e e ., (M,F(), 
-- 

where 

- - -  4 -. 
M = (m + n)d - (7.15) 

The r u l d x d i o n  procedure described by equation ( 7 . 1 4 )  i s  contin- 

ued u n t i l  

The ra laxdt ion  method provides values of @* for  every 

iiodt' w i  ttiii\ the i w d d l  s t ructure .  Once a solut  1011 hd% been ob- 

1.3 

tdined, the dimensionlesb pressure can be coi!iputed from tne re- 



( 7.16) 

With these new values of t h e  dimnsioniess pl"eSSure, revised 

values of the dimensimless viscosity, density, and f i lm  thick- 

ness can be evaluated. Thus the coefficients of egustion (7.14) 

* * * and H: may also cnange. AC- 6; .. 6 .  -, Di 

cordingly i t  is necessary t o  reenter the relaxation loop. T h i s  

* 
,J 1.3 sJ' Li ,Js .* 

process i s  continuti: u n t i l  t h e  following inequality is satisfied: 

7.6 Normal Applied Load and Flow Rate 

?he i n i t i a l  value of the constant H i q  equation (7.5) 0 
has t o  be estimated, b u t  thereafter the task is to  f i n d  t h e  cor- 

rect value. 

evaludted, wnere 

To do this, t h e  integrated normal load m u s t  be 

(7.17) 



According t o  Simpson's r u l e  t h i s  double i n teg ra l  can be wr i t t en  

as 

where 

91 = 0 if i is odd 

q, = 1 if i is even 

92 - 0 if j is odd 

92 = 1 if j is even 

- 

A new value of 
Ho can be estimated from the fo::orring 

expression and the current values Of Ho and dnd the ap- 

p l i e d  load: 
- 
Ho = Ho (;) (7.19) 

The f i l m  thickness can now be recalculated a t  eacn node fo r  the 

new value o f  0 
relaxat ion process i s  required. 

the fo l lowing convergence i s  sati,fied: 

from equation (7.5), and reentry i n t o  the 

This process i s  continued u n t i l  
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Once t n i s  convergence c r i t e r i o n  has been s a t i s f i e &  tne values 

of pressure and f i l m  thickness i n  ana arouna tne contact ai-e 

estiiblisnea. 

The mats f l ow  r a t e  per unit  w i a t n  i n  the ii ana j ;  airec- 

t i ons  shown i n  Figure 7.1 can be w r i t t e n  Os 

3 =,pa* 5 12.1 a j  

These equations can be wr i t t en  i n  dimensionless form as 

- 
Q, - 

(7.20) 

(7.21) 

Furthemtore the t o t a l  f low rates and f low angles a t  any node can 

be wr i t t en  as 

- Q e (9, - 2 - 2  + Q,)l/* 

Ya = tan-1 k) 
(7.22) 

(7.23) 
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7.7 Flow Charts 

Figures 7.4 and 7.5 are f l ow  charts f o r  the numerical solu- 

t i o n  on the d i g i t a l  computer of the equations developed i n  the 

analysis. Figure 7.4 i s  the f l o w  chart  f o r  the main program. 

There are essent ia l l y  three luops w i t h i n  the main program: the 

relaxat ion loop, the  pressure loop, and the normal-load loop. 

I n  the re laxa t ion  loop (pi ,,+* i s  generated. I n  the pres- 

o f  the re laxa t ion  loop sure loop the new values o f  

r e s u l t  i n  new values o f  pressure Pi,j,n+l, which i n  t u r n  re- 

s u l t  i n  new values of f i l m  thickness Hi,j, v i scos i ty  q 
and density Ti j. The f i n a l  loop, the normal-load loop, 

ensures tha t  the integrated normal applied load agrees with the 

* 
s .  * 

n+l s s  

,j 

i n i t i a l l y  speci f ied value. 

Figure 7.5 i s  the f l o w  chart f o r  the f i l m  thickness subrou- 

t i n e  SUBb. A number o f  calculat ions occur only once and need 

not be repeated on reentering t h i s  subroutine. With each new 

pressure d i s t r i b u t i o n  the e l a s t i c  deformation i s  recalculated, 

and t h i s  subroutine i s  l e f t  w i th  a new f i l m  thickness ana there- 

fore a new value o f  (pi n+l. * 
9 ,  

7.8 Closure 

I n  t h i s  chapter a procedure for the numerical solut ion o f  

the comp 1 e t  e, i sot herma 1 e 1 asto hydrodynami c 1 ub r i cat i on prob 1 em 
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f o r  e l l i p t i c a l  contacts has been outl ined. This procedure c a l l s  

for the simultaneuus so lut ion of  the e l a s t i c i t y  and Reynolds 

equations. I n  the e l a s t i c i t y  analysis the contact zone was d i -  

vided i n t o  equal rectangular areas, and i t  was assumed t h a t  a 

uniform pressure was applied over each area. I n  the numerical 

so lu t ion o f  the Reynolds equation the parameter @* equals 

PH3I2, where P i s  the dimensionless pressure and H the 

dimensionless f i l m  thickness, was fntroduced i n  order t o  ease 

the r e l a x a t i m  process. The nodal s t ructure and the boundary 

and i n i t i a l  condit ions were given and a Gauss-Seidel re laxat ion 

method was used. The computer program has three major -oops: 

the relaxat ion loop, the pressure loop, and the normal-loaa 

loop. The las t  loop requires the integrated hjdrodynaiic 

load-carrying capacity t o  be i n  agreement w i t h  the appiied load 

w i t h i n  some speci f ied tolerance. When a? 1 three loops converge, 

the pressure and f i l m  thickness i n  and around the e l l i p t i c a l  

contact area are established. 

18 



SYMBOLS 

A constant used i n  equation 

A** “’1 relaxat ion coef f i c ien ts  
D*, L*, M* I 

a 

a 

B 

b 

b 

C 

- 

- 

c” 
c p  ’$3 

C 

C 
- 
D 

5 
- 
D 

De 

d 

d 
- 

da 

de 

d; 

di 

db 

J 

2 drag area of .ball, m 

semimajor axis o f  contact 

a/ 2; 

(3.113) 

e l l i p e ,  m 

t o t a l  conformity of  bearing 

semiminor axis of contact e l l ipse, m 

b / s  

dynamic load capacity, N 

drag coef f i c ien t  

constants 

19,609 N / c d  (28,440 1 bf  / in‘) 

number of equal d iv is ions  o f  semimajor axis 

distance between race curvature centers, m 

mater ia l  fac to r  

defined by equation (5.63) 

Deborah number 

b a l l  diameter, m 

number o f  d iv is ions i n  Semiminor ax is  

overa l l  diameter o f  bearing (Figure 2.13). m 

bore diameter, m 

p i t c h  diameter, m 

p i t c h  diameter af ter  dynamic ef fects  have acted on ba l l ,  m 

inner-race diameter, m 

outer-race diameter , m 
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E 

E‘ 

‘a 
Lc 
E 
- 
tl 
6 

e 

F 

Ff 

3 - 
F 

f 

fb 

fr 

G 

G* 

F 
9 

2 modulus o f  e las t i c i t y ,  N/m 

e f f e c t i v e  e l a s t i c  modulus, 2 /i ;: 
interna l  energy, m 2 2  /s 

processing fac to r  

- Hmin)/HminI x 100 
1i2 

e l l i p t i c  i n teg ra l  o f  second k ind  w i th  modulus (1 - l/kz) 
approximate e l l i p t i c  i n teg ra l  o f  second k ind 

dispersion exponent 

normal appl ied load, N 

normal appl ied load per u n i t  length, N/m 

lubr ica t ion  fac to r  

integrated normal appl ied load, N 

centr i fugal  force, N 

maximum noma1 applied load ( a t  t j  P 0), N 

appl ied r a d i a l  load, N 

applied th rus t  load, N 

normal appl ied load a t  angle $, N 

e l l i p t i c  in tegra l  o f  f i r s t  k ind  w i th  modulus (1 - 1/k2) 

approximate e l  1 i p t i c  in tegra l  o f  f i r s t  k ind 

race conformity r a t  i o  

nns surface f i n i s h  o f  ba l l ,  m 

rms surface f i n i s h  o f  race, m 

dimensionless mater ia ls parameter, aE 

f l u i d  shear modulus, N/d 
haraness fac to r  

1/2 

grav i ta t iona l  constant, m/s 2 
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Hf 

Hmi n 

"mi n, r 

Hmin,s 

CI 

HC 

ry 

Hmi n 

- 
Hmi n 

- 
"0 

hC 

hi 

h 

dimension less e 1 ast i c  i ty  parameter, W8/3/U2 

dimensionless v iscos i ty  parameter, GW /U 

dimensionless f i l m  thickness, h/R, 

2 2 2 3  dimensionless f i l m  thickness, H(W/U)2 = F h/u nORx 

dimensionless centra l  f i l m  thickness, hc/R, 

dimensionless centra l  f i l m  thickness f o r  starved 

3 2  

l ub r i ca t i on  condi t ion 

f r i c t i o n a l  heat, K m/s 

dimensionless minimum f i l m  thickness obtained from EHL 

e l  l ip t i ca l -contac t  theory 

dimensionless minimum f i l m  thickness f o r  a rectangular 

contact 

dimensionless minimum f i l m  thickness f o r  starved 

lub r i ca t i on  condi t ion 

dimensionless centra l  f i l m  thickness obtained from 

least-squares fit o f  data 

dimensionless minimum f i l m  thickness obtained from 

least-squares f i t o f  data 

dimensionless central- f  i lm-thickness - speed paraneter, 

dimensionless minimum-f i lm-thickness - speed parameter, 

new estimate o f  constant i n  f i l m  thickness equation 

f i l m  thickness, m 

cent ra l  f i l m  thickness, m 

i n l e t  f i l m  thickness, m 
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hln 

h m i  n 

hO 

*P 

Ir 

It 

I d  

J 

J* 

J 
- 

K 

k 
- 
k 

t 
kf 

L 

'a 

Lt 

L1, . 
10 

L50 

a 

a 
- 
M 

f i I m  thickness a t  po in t  of  maximum pressure, where 

dpldx D 0, m 

minimum f i l m  thickness, m 

constant, m 

diametral interference, m 

2 b a l l  mass moment o f  iner t ia ,  m N s 

in tegra l  defined by equation (3.76) 

in tegra l  defined by equation (3.75) 

funct ion o f  k defined by equation (3.8) 

mechanical equivalent o f  heat 

po lar  moment o f  iner t ia ,  m N s 

load-def l e c t  ion  constant 

e l  1 i p t i c i t y  parameter, a/b 

approximate e l l i p t i c i t y  parameter 

thermal conductivi ty, N / s  "C 

lubr icant  thermal conductivi ty, N/s 'C 

fa t igue l i f e  

adjusted fa t igue l i f e  

reduced hydroaynamic l i f t, from equation (6.21) 

lengths defined i n  Figure 3.11, m 

fa t igue l i f e  where 90 percent o f  bearing populat ion w i l l  

2 

endure 

fa t igue l i f e  where 50 percent of bearing populat ion w i l l  

endure 

bearing length, m 

constant used t o  determine width o f  side-leakage region 

moment, Nm 
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P 
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P 

Pmax 

viv,as 
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Qm 

q f 

qX 

- 
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gyroscopic moments Nm 

dimensionless load-speed parameter, WU 

torque required t o  produce spin, N m 

mass of bal l ,  N s2/m 

dimensionless i n l e t  distance a t  boundary between f u l l y  

-0.75 

f looded and starved condit ions 

dimensionless i n l e t  distance (Figures 7.1 and 9.1) 

number o f  d iv is ions o f  semimajor o r  semiminor ax is  

dimensionless i n l e t  distance boundary as obtained from 

Wedeven, e t  al.  (1971) 

ro ta t iona l  speed, r p m  

number o f  b a l l  s 

r e f r a c t i v e  index 

constant used t o  determine lepgtn o f  o u t l e t  region 

d imens i on1 ess pressure 

d i men s i on 1 e s s pre ssu re  d i f f ere rice 

diametral clearance, m 

free endplay, m 

dimensionless Hertzian pressure, N/m 

pressure, N/m 

maximum pressure w i t h i n  contact, 3F/2nab, N/m 

i sov i  scous asymptotic pressure, N/m 

so lut ion t o  homogeneous Aeynolds equation 

thermal loading parameter 

dimensionless mass flow r a t e  per u n i t  width, qq0/poEiR2 

reduced pressure parameter 

volume f low ra te  per u n i t  widtn i n  x direct ion,  mZ/s 

2 

2 

2 

2 
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RX 

RY 
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7 

'm 

Tb* 
T: 
AT* 

T1 

T" 

t 

ta 

"8 

2 voli@me flow rate per unit width in y direction, m Is 

curvature sum, m 

arithmetical mean deviation defined i n  equation (4.1), rn 

operational hardness of bearing material 

effective radius in x direction, m 

effective radius in y direction, m 

race curvature radius, m 

radii of curvature, E 

cylindrical polar coordinates 

spherical polar coordinates 

defined in Figure 5.4 

geometric separation, m 

geometric sepdration for line contact, m 

empirical constant 

shoulder height, m 

TdPmax 
tangential (traction) force, N 

temperature, 'C 

ball surface temperature, "C 

average lubricant temperature, 'C 

ball surface temperature rise, 'C 

viscous drag force, N 

time, s 

aux i 1 i ary parameter 

velocity of ball-race contact, m / s  
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X 

Y 
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6f 
8' 

r .  
f 

Y 

+e 

ve loc i ty  o f  ball center, m/s 

dimensionless speed parameter, n0u/E )Rx 

surface ve loc i t y  i n  d i rec t i on  o i  motion, (ua + ub)/2, m/s 

number o f  stress cycles per revolut ion 

s l i d i n g  veloci ty,  ua - ub, m/s 

surface ve loc i ty  i n  transverse direct ion,  m/s  

d Smens 1 on 1 ess 1 oad parameter, F/E R2 

surface ve loc i ty  i n  d i rec t i on  o f  f i l m ,  m/s 

d imenslonless 

dimensionless 

dimensionless 

coordinate, x/Rx 

coordinate, y/Rx 

grouping from equation (6.14) 

external forces, N 

constant defined by equation (3.48) 

v iscos i ty  pressure index, a dimensionless constant 

coordinate system 

pressure-viscosity coef f ic ient  o f  lubr icat ion,  n?/N 

radius ra t io ,  Ry/Rx 

contact angle, rad  

f r e e  or  i n i t i a l  contact angle, rad 

i t e ra ted  value o f  cofitact angle, rad 

curvature d i f ference 

viscous disstpation, Nlm2 s 

t o t a l  s t r a i n  rate, s-1 

e l a s t i c  s t r a i n  rate, s-1 

viscous s t r a i n  rate, s-l 
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f low angle, deg 

t o t a l  e l a s t i c  deformation, m 
lubr icant  v iscos i ty  temperature coeff ic ient ,  O f 1  

e l a s t i c  deformation due t o  pressure difference, m 

r a d i a l  displacement, m 

ax ia l  displacement, m 

displacement a t  some locat ion x, rn 

approximste e l a s t i c  deformation, m 

e l a s t i c  deformation o f  rectangular area, m 

coeff  ic1er.t o f  determination 

s t r a i n  i n  a x i a l  d i rec t ion  

s t r a i n  i n  transverse d i rec t ion  

angle between b a l l  ro ta t iona l  axis and bearing 

center l ine (Figure 3.10) 

probabi 1 i t y  of surv ivc l  

absolute v iscos i ty  a t  gauge pressure, N s/m 2 

0 
dimensionless viscosity, n/n 

v iscos i ty  a t  atmor;fleric pressure, N s/,n 2 

6 . 3 1 ~ 1 0 ~ ~  N ~/11?(0.0631 cP) 

angle used t o  def ine shoulder height 

f i l m  parameter ( r a t i o  o f  f i l m  thickness t o  composite 

surface roughness) 

equals 1 for  outer-race contro l  ana 0 f a r  inner-race 

contro 1 

second c o e f f i c i e n t  o f  v iscos i ty  

Arcnard-Cowking side-leakage factor, (1 + 2/3 o I ) - l  

re laxat  ion fac to r  
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lubr-Icant density, N s 2 4  /m 

denslty a t  atmospheric pressure, N s 2 4  la 

normal stress, N/m 2 

- -  

dimenstonless density, o/p0 

stress i n  ax ia l  direct ion, N/m2 

shear stress, N/d 

maxtmum subsurface shear stress, N/m 2 

shear stress, N/& 

equivalent stress, N/m 

I lm i t i ng  shear stress, N/m 

2 

2 

r a t t o  of  depth of maximum shear stress t o  semiminor a x i s  oi  

contact e l  1 tpse 

PM3'* 

W . 1  
a u x i l l a r y  angle 

tnermal reduct ton factor  

angular iocat ion 

l i m l t i n g  value of J, 

absolote angular ve loct ty  o f  fnner race, radls 

absolute anguler ve loc i ty  o f  outer race, rsdls 

angular veloclty, rad/s 

angular ve loc l ty  L ball-race contact, tedrs  
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Subscripts : 

a 

b 

C 

be 

IE 

IR 

i 

K 

mi n 

n 

0 

P VE 

P VR 

r 

S 

X,Y ,z 

Superscr i pt : 

(7 

angular velocity of ball around shaft center, rad/s 

ball spin rotational velocity, radls 

solid a 

solid b 

centra 1 

ball center 

isoviscous-elastic regime 

isovi scous-rigid regime 

inner race 

Kapi tza 

minimum 

iteration 

outer race 

piezovi scous-elast ic regime 

piezovi scous-rigia regime 

for rectangular area 

for starved conditions 

coordinate system 
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